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Large-Eddy Simulation of a Supersonic Boundary Layer
Using an Unstructured Grid

Gerald Urbin¤ and Doyle Knight†

Rutgers University, Piscataway, New Jersey 08854

A Mach 3 adiabatic � at plate turbulent boundarylayer is studied using large-eddy simulation (LES). The � ltered
compressible Navier–Stokes equations are solved on a three-dimensional unstructured grid of tetrahedral cells. A
compressible extension of the rescaling–reintroducing process of Lund et al. (Lund, T., Wu, X., and Squires, K.,
“Generation of Turbulent In� ow Data for Spatially-Developing Boundary Layer Simulations,” Journal of Com-
putational Physics, Vol. 140, No. 2, 1998, pp. 233–258) is developed to generate the in� ow conditions. The effect of
the subgrid-scale motion is incorporated using two approaches, namely, monotone integrated LES (MILES) and
the Smagorinsky subgrid-scale model. A detailed grid re� nement study is performed. The statistical predictions
(friction velocity, adiabatic wall temperature, mean velocity pro� le, normal Reynolds stress, and Reynolds shear
stress) obtained from MILES are in close agreement with experimental data and direct numerical simulation. The
results indicate that the subgrid-scale effects can be adequately modeled using MILES without the need for the
Smagorinsky model.

Introduction

M OST studies using large-eddysimulation (LES) have mainly
focused on incompressibleand subsonic � ows.1 In addition,

most LES codes employ structured meshes in the context of � -
nite difference or spectral methods.2 There is a signi� cant need for
research in compressible LES for application to practical aeronau-
tical con� gurations.3 Unstructured grids are commonly employed
in simulation of complex aeronautical systems because they can be
generated substantially faster than block-structured (� tted or over-
set) grids.4

This paper presents three contributions to compressible LES.
First, we present a three-dimensional fully unstructured grid LES
algorithmfor compressible turbulent � ow. The algorithmis second-
or third-order accurate in space and second-order accurate in time.
It has previouslybeen validated for two subsonic � ows, namely, the
decay of isotropic turbulence5 and subsonic channel � ow.6 In this
paper, we validate the algorithm for a Mach 3 supersonic turbulent
boundary layer by comparison with experimental data. Second, we
demonstrate the accuracyof the monotone integratedLES (MILES)
approachfor a supersonicboundarylayer.The MILES approach,de-
scribed by Boris et al.7 and Oran and Boris,8 implicitly models the
subgrid-scalestresses and heat transfer through the numerical algo-
rithm. MILES is particulary well suited for low-order accurate but
notoverlydissipativeschemes. It has beenpreviouslyvalidatedfor a
wide rangeof free shear � ows.7¡11 We presentherein the � rst valida-
tion of the MILES methodologyfor a supersonicturbulentboundary
layer. Third, we present a method for de� ning the unsteady in� ow
boundary condition in a supersonic � at plate turbulent boundary
layer based on a rescaling of the � ow at a downstream location and
reintroduction at the in� ow boundary. Our method represents the
compressibleextensionof the techniqueof Lund et al.,12 which was
developed for incompressible � ows.

Previous LES studies of compressible � ow can be divided into
two categories,namely, thosewhichemployeda subgridscalemodel
and those based on MILES. Examples of the former category in-
clude Erlebacher et al.,13 Spyropoulos and Blaisdell,14 Jansen,15

Ducros et al.,16 and Haworth and Jansen.17 Except for Haworth
and Jansen, all of these simulations are based on the traditionally
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high-order accurate schemes, which are not well suited to fully un-
structured grids. Haworth and Jansen use the recent NO-UTOPIA
second-orderaccuratespatialschemeforunstructuredmeshes to test
differentmodels (constantcoef� cientSmagorinskymodel, dynamic
Smagorinskymodel,andLagrangiandynamicSmagorinskymodel).
In some cases the models do not demonstrate any advantage com-
pared to the abscenceof any explicit subgrid-scalemodel. Examples
of the second category include Boris et al.,7 Fureby and Grinstein,9

Grinstein,10 Oran and Boris,8 and Porter et al.,11 all of which em-
ployed second-orderor third-order accurate spatial schemes.

Both LES and direct numerical simulation(DNS) studies of com-
pressible turbulent boundary layers are scarce. DNS of a spatially
developing boundary layer, that is, the natural con� guration, re-
quires a large number of grid points, and therefore, typically only
the earliest stage of transition to turbulence is simulated.18¡20 Var-
ious methods have been developed to approximately transform the
spatiallydevelopingboundary layer to a temporallydevelopingcon-
� guration to reduce the computational effort and/or increase the
maximum Reynolds number.12;21¡24 Nevertheless these simulations
are restricted to relatively low Reynolds numbers. LES studies of
boundary layers have been able to reach higher-Reynolds-number
� ows16;25 than DNS. Neverthelesssimulatinga spatiallydeveloping
turbulentboundary layer from the initial laminar state through tran-
sitionto a fullydevelopedturbulentstate is still verycomputationally
intensive. The rescaling–reintroduction methodology described in
this paper substantially reduces the computational time.

LES Methodology
In this section we summarize the LES methodology, including

the governingequations,subgrid-scale(SGS) model, and numerical
implementation.Additionaldetails (includinginformationon paral-
lelization) are presentedby Knight et al.5 and Okong’o and Knight.6

Governing Equations
The governing equations are the three-dimensional � ltered

Navier–Stokes equations. For a function f , its � ltered form Nf and
its Favre-averaged form Qf are

Nf D
1
V V

G f d V ; Qf D
½ f

N½

where G is the � ltering function and ½ is the density. From the
Navier–Stokes equations for the instantaneous � ow variables den-
sity ½ , velocity in the i th coordinate direction, ui , pressure p, and
temperatureT , Favre-averagingandspatial� lteringyield the � ltered
Navier–Stokes equations (here written using the Einstein summa-
tion notation, where repeated indices denote summation)
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Note that the speci� c form of the energy equation proposed by
Knight et al.5 was found by Martin et al.26 to provide an accu-
rate model of the SGS turbulentdiffusion in decayingcompressible
isotropic turbulence. Two different SGS models are implemented
in the LES code, and results are presented herein. The � rst is the
classical constant-coef�cient Smagorinsky model
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where CR D 0:00423 is the model coef� cient, Prt D 0:4, and 1 is
the length scale de� ned by5

1 D 1

2
.Vl C Vr /

1
3

D

where Vl and Vr are the tetrahedral volumes to the left and right of
the cell face and D D 1 ¡ e¡nC =26 is the Van Driest damping factor,
where nC D nu¿ =ºw is the normal distance to the (nearest) solid
boundary normalized by the viscous length scale ºw=u¿ , ºw is the
kinematic viscosityevaluatedat the wall, and u¿ is the local friction
velocity.

The second model is MILES7 wherein the inherentdissipationin
the numerical algorithm is taken as the SGS model, that is, CR D 0.
The accuracy of MILES depends on the numerical algorithm. The
theoretical basis of MILES is rigorously discussed by Fureby and
Grinstein.9 Excellent results have been obtained in numerous sim-
ulations of free shears � ows.7¡11

Numerical Method
We simplify the notationby hereafterdropping the tilde and over-

bar. Furthermore, the � ow variables are nondimensionalizedusing
the reference density ½1, velocity U1 , static temperature T1 , and
lengthscale L , with Mach number M1 D U1=

p
.° RT1/. The gov-

erning equations may be written in � nite volume form for a control
volume V with surface @V :

d
dt V

Q dV C
@ V

.F Oõ C G O| C H Ok/ ¢ On dA D 0

where

Q D

½

½u

½v

½w

½e

; F D

½u

½u2 C p ¡ Tx x

½uv ¡ Tx y

½uw ¡ Txz

.½e C p/u ¡ Qx ¡ ¯x

G D

½v

½uv ¡ Tx y

½v2 C p ¡ Tyy

½vw ¡ Tyz

.½e C p/v ¡ Qy ¡ ¯y

H D

½w

½uw ¡ Tx z

½vw ¡ Tyz

½w2 C p ¡ Tzz

.½e C p/w ¡ Qz ¡ ¯z

¯x D Tx x u C Tx yv C Tx zw

¯y D Tx y u C Tyyv C Tyzw

¯z D Tx zu C Tyzv C Tzzw

An unstructuredgrid of tetrahedra is employed,with a cell-centered
storage architecture.The cell-averagedvalues, stored at the centroid
of each tetrahedron of volume Vi , are

Q i D 1
Vi Vi

Q dV

The inviscid � uxes are computed using an exact one-dimensional
Riemann solver [Godunov’s method (see Ref. 27)] applied normal
to each face. The inviscid � ux computations require the values of
each variable on either side of the cell faces. These values are ob-
tained from the cell-averagedvalues by second-orderor third-order
function reconstruction using the least-squares method of Ollivier-
Gooch.28 More details on the reconstruction schemes are given by
Okongo’o and Knight.6 The viscous � uxes and heat transfer are
computed by application of the Gauss theorem to the control vol-
ume whose vertices are the centroids of the cells that share each
node. The second-order accurate scheme (in two dimensions) is
given by Knight.29

Rescaling–Reintroducing Method
A compressible extension of the method of Lund et al.12 has

been developed.The simulationgenerates its own in� ow conditions
through a sequence of operations where the � ow� eld at a down-
stream station is rescaled and reintroduced at the in� ow boundary
(Fig. 1). The idea is to decompose each � ow� eld component into

Fig. 1 Generation of in� ow boundary condition.
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a time mean and � uctuating part, and then to apply the appropriate
scaling law to each one separately. Note that such a method can
be used to generate the in� ow database for a second computation
such as a supersonic turbulent boundary layer past a compression
corner.30

A variable u.x; y; z; t/ is decomposed into a time mean part
U .x; y; z/ and an instantaneous time � uctuating part u 00.x; y; z; t/
according to

U D 1
t f ¡ ti

t f

ti

u dt; u 00 D u ¡ U

As a compressible � ow is considered, we note the Van Driest–
Fernholz and Finley transformation of the velocity U as UVD. In
the case of an adiabatic � at plate � ow

UVD D
U1

A
sin¡1 A

U

U1

with

A D [.° ¡ 1/=2]M2
1 Prtm

1 C [.° ¡ 1/=2]M2
1 Prtm

where Prtm D 0:89 is the mean turbulent Prandtl number.
The multilayer scaling is applicable for compressibleand incom-

pressible turbulent boundary layers.31 Let us consider the inner re-
gion and the outer region of the boundary layer separately. On the
inner side, a straightforward extension of the classical law of the
wall reads in Van Driest coordinates

U inn
VD D u¿ .x/ f1.yC/ with f1.yC/ D 1=· .yC/ C C

where yC D yu¿ =ºw is the wall coordinate, u¿ is the mean friction
velocity,ºw is the kinematic viscosityevaluatedat the wall, · is von
Kármán’s constant, and C is a constant.

On the outer side, the defect law reads, also in Van Driest coor-
dinates,

U 1
VD ¡ U out

VD D u¿ .x/ f2.´/

where ´ D y=± is the outer coordinate,± is the boundary-layerthick-
ness, U 1

VD is the free-stream value of the Van Driest transformed
velocity, and f2 is a second universal function (at this stage, there
is no need to de� ne it more precisely).

The functions f1 and f2 are independent of the streamwise po-
sition x . Consequently, the velocity Urec at a suitable downstream
station (recycle station) and the velocityUinl at the in� ow boundary
(inlet station) can be related according to

U inn
VD;inl D ¯UVD;rec yC

inl

in the inner region, and

U out
VD;inl D ¯UVD;rec.´inl/ C .1 ¡ ¯/U 1

VD

in the outer region, where ¯ D u¿;inl=u¿;rec is the ratio of friction
velocity between the inlet station and the recycled station. Notice
that yC

inl and´inl are the innerand outercoordinatesat the inlet station,
but UVD;rec is evaluated at the recycle station.

The � uctuatingpart of the streamwisevelocityis decomposedin a
similar way. The velocity � uctuation in the inner and outer domains
are rescaled according to

u 00inn
inl D ¯u 00

rec yC
inl; z; t ; u 00out

inl D ¯u00
rec.´inl; z; t/

The scaling for the mean wall-normal velocity compound is as-
sumed to be

V inn
inl D Vrec yC

inl ; V out
inl D Vrec.´inl/

Notice that such a simple scaling is used as a convenient approx-
imation that avoid computing the derivatives @u¿ =@x and @±=@x
needed to be consistent with the streamwise velocity scaling. Such
approximation appears to be suf� cient for a zero pressure gradient

boundary layer.32 The � uctuating wall-normal velocity v00 is scaled
similarly to u00.

For the spanwise velocity compound, no scaling is needed be-
cause the mean value at the in� ow boundary is set to zero. The w00

velocity � uctuation is scaled similarly to u 00.
The temperature is scaled to take into account the compressibility

effects as well. As the streamwise pressure gradient is negligible
compared to the wall-normal temperature gradient, the following
scaling is used for the mean temperature:

T inn
inl D Trec yC

inl ; T out
inl D Trec.´inl/

In a supersonic boundary layer, the static pressure � uctuations are
small compared to the temperature � uctuations.33 We, therefore,
assume

T 00inn
inl D T 00

rec yC
inl; z; t ; T 00out

inl D T 00
rec.´inl; z; t/

At this stage, the complete pro� les for velocity and temperature
valid over the entire in� ow boundary layer are obtained by forming
a weighted average of the inner and outer pro� le, as proposed by
Lund et al.12:

u inl D U inn
inl C u 00inn

inl [1 ¡ W .´inl/] C U out
inl C u 00out

inl W .´inl/

The weighting function W is de� ned as

W .´/ D 1

2
1 C tanh

4.´ ¡ B/

.1 ¡ 2B/´ C B
tanh.4/

using B D 0:2 to provide a smooth transition12 at y=± D 0:2.
A similar weighted average is employed for the other two com-

ponents of velocity and the static temperature. The static pressure
is assumed constant at the in� ow because the pressure � uctuations
are small compared to the static temperature � uctuations.33

The last stage of the rescaling process consists in determining
¯ and ±rec=±inl. Best results have been obtained by imposing the
ratio u¿;inl=u¿;rec and ±inl=±rec according to the following classical
empirical correlations34:

±rec

±inl
D 1 C

xrec ¡ xinl

±inl
0:27

6
5 Re

¡ 1
5

±inl

5
6

u¿;inl

u¿;rec
D ±rec

±inl

1
10

(1)

where Re±inl is the Reynolds number based on the incoming
boundary-layer thickness.

Con� guration
A Mach 3 adiabatic� at plate turbulentboundarylayerat Reynolds

number Re± D 2 £ 104 is simulated (where to simplify notation we
employ ± for ±inl). When x; y and z denote the streamwise, trans-
verse, and spanwise directions, respectively, the computational do-
main is L x D 14:8±, L y D 3:4±, and L z D 1:1±, 2:2±, or 4:4±. The
spanwise width L z ranges from approximatelyone to four times the
experimental spanwise streak spacing (assuming the compressible
turbulent boundary-layer streaks scale in accordance with incom-
pressible experimental results35). The streamwise length L x is ap-
proximately three times the mean experimental streamwise streak
size. The height L y is based on the requirement that acoustic dis-
turbances originating at the upper boundary do not interact with
the boundary layer on the lower wall. All computations employ
xrec ¡ xinl D 11:8±. The experimental data of Ünalmis and Dolling36

indicates that the maximum cross-correlationcoef� cient of the sur-
face pressure � uctuations in a Mach 5 turbulent boundary layer is
approximately 0:1 at a distance of 10±. Moreover, xrec ¡ xinl is ap-
proximately twice the mean experimental streamwise streak spac-
ing of 1000 wall units.35 Thus, the value of xrec ¡ xinl is considered
suf� ciently large to allow the turbulentstructures to evolve indepen-
dently of the recycle location.When Eq. (1), is used, ±rec=±inl D 1:27
and u¿;inl=u¿;rec D 1:03.The differentgrid resolutionsusedare shown
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Table 1 Details of grids

At the wall At y D ±

Name 1xC 1yC 1zC 1x=± 1y=± 1z=± L z=± Tetras

Baseline Smagorinsky 11 1.1 3.1 0.09 0.105 0.069 1.1 1,688,960
Baseline MILES 11 1.1 3.1 0.09 0.105 0.069 1.1 1,688,960
Singlewidth MILES 18 1.5 6.5 0.10 0.140 0.034 1.1 816,000
Doublewidth MILES 18 1.5 6.5 0.10 0.140 0.034 2.2 1,632,000
Quadruplewidth MILES 18 1.5 6.5 0.10 0.140 0.034 4.4 3,264,000
Coarse Smagorinsky 28 0.9 13 0.15 0.086 0.069 4.4 320,000
Coarse MILES 28 0.9 13 0.15 0.086 0.069 4.4 320,000
Xverycoarse MILES 56 0.9 13 0.30 0.086 0.069 4.4 160,000
Yverycoarse MILES 28 1.7 13 0.15 0.165 0.069 4.4 166,400
Zverycoarse MILES 28 0.9 26 0.15 0.086 0.137 4.4 160,000

Fig. 2 Computationalmesh (baseline Smagorinsky).

in Table 1, and an example is shown in Fig. 2. The height 1yC of
the � rst cell adjacent to the boundary is approximately one wall
unit [1y ¼ ºw=u¿ , where ºw is the kinematic viscosity at the wall,
u¿ D

p
.¿w=½w/ is the friction velocity, ¿w is the wall shear stress,

and ½w is the density at the wall].
The initial condition for the coarse Smagorinsky computation

(Table 1) is a turbulent mean pro� le with random � uctuations.The
simulation is run � rst for 135 inertial timescales ±=U1 to eliminate
starting transients.12 At this stage, the � ow is used as an initial
condition for all other computations. Such a technique assures an
adequate � ow� eld initializationthat minimizes the transientperiod.

For comparison with experiment, the primitive variables are av-
eraged both in time and in the spanwise (homogeneous) direction.
The time period is t f ¡ ti D 40±=U1 . The notationfor the combined
temporal and spanwise average of a function f .x; y; z; t/ is

hh f ii D
1
L z

1
t f ¡ ti

L z

0

t f

ti

f dt dz

SGS Model In� uence
LES studies were performed for two differentgrids (baseline and

coarse in Table 1) using the Smagorinsky and MILES models to as-
sess the effect of including the Smagorinsky model. In the baseline
case, the grid in the near-wall region is comparable to a DNS grid
with 1xC D 11, 1yC D 1:1, and 1zC D 3:1. The grid is stretched
in all three directions away from the wall (see Fig. 2), and the grid
spacing near the edge of the boundary layer is substantially larger
than would be used for DNS. In the coarse case, the grid in the x and
z directions near the wall is increased by a factor of 2.55 and 4.19,
respectively,comparedto the baselinegrid.The grid spacingin the x
and y directionsnear the edge of the boundary layer is changedby a
factorof 1.67and0.82 relativeto the baselinegrid,and the grid spac-
ing in the z direction is the same as employed for the baseline grid.

The friction velocity predicted by the coarse MILES,
u¿ =U1 D 0:0528, is within 1% of the coarse Smagorinsky,
u¿ =U1 D 0:0532. Similarly, the friction velocity predicted by the
baseline MILES, u¿ =U1 D 0:0560, is within 1% of the baseline
Smagorinsky, u¿ =U1 D 0:0556. The streamwise mean velocity
pro� les using the coarse grid are plotted in Fig. 3. The two pro� les
are virtually identical.The same trend is observedby comparing the

Fig. 3 Mean streamwise velocity.

Fig. 4 Streamwise Reynolds stress.

streamwise and wall-normal velocity � uctuations (Figs. 4 and 5).
Similar results are obtained using the baseline grids. Additionally,
the local turbulent viscosity predicted by the Smagorinsky model
never exceeds 27% of the molecular viscosity. We conclude that
inclusion of the Smagorinsky model has a negligible effect on the
turbulence statistics. Consequently, the remaining results were ob-
tained using MILES.

Grid Re� nement
A series of LES studies were performed using the MILES model

to assess the effect of grid re� nement on the � ow� eld (Table 1).
The baseline grid has the � nest mesh in general (except for 1z in
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Fig. 5 Wall normal Reynolds stress.

Fig. 6 Effect of D z++
w on friction velocity.

the outer portion of the boundary layer). The baseline grid spac-
ing near the wall was selected to resolve fully the sublayer streaks
based on classical incompressible turbulent boundary-layerscaling
laws.35 Two sets of grids were consideredin addition to the baseline
grid. The � rst set (singlewidth, doublewidth, and quadruplewidth)
employed identical grid distributions with spanwise domain sizes
L z D 1:1±, 2:2±, and 4:4±, respectively. Compared to the baseline
case, the grid spacingnear the wall was increasedby factors of 1.64,
1.36, and 2.1 in the x , y, and z directions, respectively.The purpose
of the � rst set is to evaluate the effect of the near-wall grid spac-
ing and spanwise domain size L z on the � ow� eld. The second set
(coarse, Xverycoarse,Y verycoarseand Zverycoarse) representeda
successivedoubling of the grid spacing in the x, y, and z directions
relative to the coarse case, which itself employed a larger grid spac-
ing than the baseline. The purpose of the second set is to evaluate
the effect of the grid spacing in the x , y, and z directions on the
� ow� eld.

The computed frictionvelocityu¿ =U1 is presentedin Figs. 6 and
7 vs 1zC and 1xC, respectively.There is negligiblepracticaldiffer-
ence (less than 3%) between the baseline,singlewidth,doublewidth,
and quadruplewidth results. There is a signi� cant difference (up to
15% underprediction) between the baseline and the Xverycoarse,
Y verycoarse, and Zverycoarse grids. This implies that the latter
grids are too coarse because previous studies have shown that un-
derresolved LES of a turbulent boundary layer underestimates the
frictionvelocity.16 The coarsegrid result is within6% of the baseline
grid. We may, therefore, conclude the following with regards to the
effect of the grid spacing on u¿ . First, the grid resolution afforded
by the singlewidth case (which is the same as the doublewidth and
quadruplewidth) is adequate for LES of the supersonic boundary

Fig. 7 Effect of D x++
w on friction velocity.

Fig. 8 Temporal evolution of u (baseline MILES).

layer, that is, 1xC D 18, 1yC D 1:5, and 1zC D 6:5 at the wall and
1x ¼ 1y ¼ 1z ¼ 0:1± near the edge of the boundary layer. Second,
there is a very small effect of L z on u¿ for 1:1± · L z · 4:4±.

Note that our LES studies use a coarser grid overall than required
for DNS. For example, we may compare the singlewidth grid with
the DNS grid of Adams37 for the same Mach number and compa-
rable Reynolds number. At the wall, 1xC

LES ¼ 3:3 1xC
DNS, 1yC

LES ¼
1:51yC

DNS, and 1zC
LES ¼ 3:1 1zC

DNS, and at the edge of the boundary
layer, 1xLES > 3 1xDNS, 1yLES > 4 1yDNS, and 1zLES > 6 1zDNS.

Comparison of MILES Results with Experiments
The theoretical value of the friction velocity u¿ for a supersonic

adiabatic � at plate boundary layer is obtained from the combined
law of the wall and wake evaluated at y D ±:

1=· .yu¿ =ºw/ C C C .25=·/ D .U1=Au¿ / sin¡1 A

where · D 0:40 is von Kármán’s constant and C D 5:1. The wake
parameter 5 depends on the Reynolds number (see Ref. 31). For
high Reynolds numbers,5 D 0:55, whereas at Re± D 2 £ 104 an ex-
trapolation of the available experimental data indicates 5 ¼ 0:12.
The corresponding values of u¿ =U1 are 0:054 and 0:059. The un-
certainty in the experimental data of skin friction is typically §5%
asdiscussedby Hopkinsand Inouye.38 The LES predictionreachesa
steady value u¿ =U1 D 0:056 after 38,400 time steps (Fig. 8), which
is within the two limiting values.

The computed adiabatic wall temperature is Taw=T1 D 2:66,
which is within 3% of the theoretical value of 2:602 obtained from
the empirical formula39

Taw=T1 D 1 C [.° ¡ 1/=2]Prtm M2
1

where Prtm D 0:89 is the mean turbulent Prandtl number.
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Fig. 9 Mean streamwise velocity (baseline MILES).

Fig. 10 Mean streamwise velocity for three different Lz .

Fig. 11 Streamwise Reynolds stress.

The mean streamwise velocity pro� le using the Van Driest trans-
formation is shown in Fig. 9. The viscous sublayer approximation
UVD=u¿ D yC and Law of the Wall UVD=u¿ D ·¡1 log.yC/ C C are
drawn for comparison.The computedpro� le using MILES is in ex-
cellent agreementwith the law of the wall with a logarithmic region
appearing clearly in the range 30 < yC < 150.

The effect of the spanwise domain size L z on the mean ve-
locity pro� le is shown in Fig. 10, where the computed pro� les
for singlewidth, doublewidth, and quadruplewidthgrids are shown.
These three con� gurations differ only by the spanwise length of the
simulation domain. The singlewidth domain displays the strongest
wake effect, whereas the doublewidth and quadruplewidthdomains
show virtually identicalvelocitypro� les. We conclude that the dou-
blewidth case (L z D 2:2±) has an adequate spanwise domain size for
the con� guration examined that is, for L x D 14:8±.

As discussed in Zheltovodov and Yakovlev40 and Smits and
Dussauge,34 the scalings hh½iihhu 00u00ii=¿w and hh½iihhu 00v 00ii=¿w

Table 2 Flow parametersa

Name Mach no. Re± £ 103

LES (Smagorinsky, MILES) 3.0 20
DNS Adams37 3.0 25
Johnson and Rose42 2.9 1000
Konrad44 2.9 1590
Konrad and Smits41 2.87 1900
Muck et al.43 2.87 1638
Zheltovodov and Yakovlev40 1.7–9.4 ·2000

aAll cases with adiabatic wall.

Fig. 12 Streamwise Reynolds stress.

Fig. 13 Reynolds shear stress.

providean approximateself-similarcorrelationof experimentaldata
for supersonic � at plate zero pressure gradient adiabatic bound-
ary layers, although the measurements close to the wall are subject
to considerable uncertainty. Figure 11 displays the computed re-
sults using the baseline grid together with the experimental data
of Konrad and Smits,41 Johnson and Rose,42 Muck et al.,43 and
Konrad,44 as well as upper and lower bounds of an extensive set
of experimental data for the Mach number range M D 1:72¡9:4
compiled by Zheltovodov and Yakovlev.40 The characteristics of
the different experiments are shown in Table 2. The computed re-
sults show good agreement with experiment for the main part of
the boundary layer (y=± > 0:2), despite signi� cantly higher experi-
mental Reynoldsnumbers.For y=± < 0:2, the presenceof the typical
high-levelpeak in the near-wall region is supportedby experimental
data of Konrad,44 and the DNS data of Adams37 (see also Fig. 12),
which is at nearly the same Reynolds number as the LES. How-
ever, no conclusioncan be drawn regarding the location of the peak
without further experimental data or DNS. Similar close ageement
is observed for the Reynolds shear stress distributions(Figs. 13 and
14).

An instantaneous image of the vorticity modulus at yC D 25 is
shown in Fig. 15. The hairpin vortices are clearly evident in agree-
ment with experiment and DNS.35
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Fig. 14 Reynolds shear stress.

Fig. 15 Modulus of vorticity at y++ = 25 (coarse Smagorinsky).

Conclusions
A three-dimensional fully unstructured grid LES algorithm for

compressible turbulent � ow has been presented. The algorithm is
second- or third-order accurate in space and second-order accurate
in time. The algorithm is applied to the LES of a supersonic adi-
abatic � at plate boundary layer at Mach 3 and Re± D 2 £ 104. A
compressible extension of the rescaling–reintroducing process of
Lund et al.12 has been developed to generate the in� ow conditions.
Comparisons of the MILES and Smagorinsky models indicate vir-
tually identical results, implying that the Smagorinsky model is not
needed for this � ow. A detailed grid re� nement study is presented,
and criteria are established for effectively grid independent results.
The computed � ow� eld is in good agreement with experimental
data for frictionvelocity, adiabaticwall temperature,mean velocity,
and Reynolds stresses.

Acknowledgments
This research is supported by the Air Force Of� ce of Scienti� c

Research under Grant F49620-99-1-0008 monitored by L. Sakell.
The computations were performed at Rutgers University and the
NationalCenter for SupercomputingApplicationsand the Scienti� c
Computing Facility Boston University under Grant CTS980016N.
The authors express appreciation to A. Zheltovodov for helpful dis-
cussions and information.

References
1Lesieur, M., and Metais, O., “New Trends in Large-Eddy Simulations of

Turbulence,” Annual Review of Fluid Dynamics, Vol. 28, 1996, pp. 45–82.
2Ferziger, J., “Large Eddy Simulation: An Introduction and Perspective,”

New Tools in TurbulenceModeling, Springer-Verlag, Berlin, 1996,pp 29–47.
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